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F1 = x2 + y2 − 9 = 0, F2 = (x− 2)2 + (y − 3)2 − 4 = 0

69354769:<;7=9>7?9@5A7=CB7D5E9FHG7I
(cf. [1], p.39) J
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F1 = 0 Q 4 F2 = 0

=CR7S7T9E9U7? Q7V N F1 − F2 = 0 W R7S7T9EU7? J7XZY[Q7V N
2x + 3y − 9 = 0 (1)
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= � ? J y
=

x ������� N y = 3− 2

3
x J7XZY = F1 = x2 + y2 − 9 = 0 �
	�� T9E N

x2 +

(

3− 2

3
x

)2

− 9 = 0,

x2 + 9− 4x +
4

9
x2 − 9 = 0,

x

(
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9
x− 4
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= 0.

T9S���5E N
x = 0,
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��� ? Q7V N XZYHV =9>7?C@5A7P
y = −2

3
x + 3

��� ? J���� N XZY P���� � F1 − F2 = 0 � TCE9B[D5S (1)
6 ��� @5A ���������? J (1)

6 ��� @<A��CB7D5?C@5A ��� ? X�� P N :<;�� 2
4���� � ? X�� �� Q E9U Y�� N�! 6�"5476 X��CQ7V  Q ? :

• 2
476C:5;7P

F1 − F2 = 0
=9R7S7TCE9U7? J

• F1 − F2 = 0
P9@5A[6�#�$�% ��� ? J

• &�' ? 2
;7=9>7?9@5A[P5S�(�)54 ��� ? J

2 '+*-, ')&%*%+-,/. 0)1)28
F1 = x2 + y2− 4 = 0 �/. 8 F2 = x2 +4y2− 9 = 0
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;[=C> ?C@ A[P

4C2 = 6 ��� ? J §1 � F S[G I � N : ;[6� � = B D '�� E W N : ; = > ? @ A =���� � � ? P M � � ? J	��
 N F1−F2 = 0G�� N
−3

(

y −
√

15

3

)(

y +

√
15

3

)

= 0. (3)

XZY P9@5A P1P2 � @5A P3P4

= ����J����� N 4F1 − F2 = 0
G�� N

3

(

x−
√

21

3

)(

x +

√
21

3

)

= 0. (4)

XZY P9@5A P1P4 � @5A P2P3

= ����J��5V�� N 9F1 − 4F2 = 0
G�� N

(√
5x−

√
7 y
)(√

5 x +
√

7 y
)

= 0. (5)

XZY P9@5A P1P3 � @5A P2P4

= ����J

3 2
��� 2(&����

§1,2
6�� Q[V N )�� � ! 6 X�� ����� � ? �����7VZY ? :

���
t
=HI L ���ZY�� N 3<4 6 2

!� A
F1 = 0 � F2 = 0

6C: ;7=9>7?9@5A
(
6�!

)
P N

tF1 − F2 = 06�" �5Q$# ? J
2 6 G[I ' t

6&% 6&� D
# � 4 U[E�'�([T G[I J t
P

tF1−F2

�
x, y
6

1
! %

(
6

)
) ��' ?[G7I � �7D Y�� G U J TCS���5E N P � D Q7V N )5476 2

!� A
ax2 + by2 + c + 2dy + 2ex + 2fxy = 0 (6)
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= ��� N X Y � (
3<476

)
@5A7= ��� ( X 6 � � N 2

!  A7P ������� � U I )
S5D6���	[=CB D Y�� G U J ��'  �
 N (6)

6�����
x, y
6 ) ! %

(
6 )

) ��' ?<S<D<6��	7=CB7D Y�� GZU J 2 6<S5D � P N (6)
6 	  � � N 2 Y = 3 � � 6 2

! � ! %
(3 � 2 ����� � U I )

ax2 + by2 + cz2 + 2dyz + 2exz + 2fxy = 0 (7)

��� ��� � E ���9Y�� GZU J7XZY P�������� ����� =��5U7E N

(x y z)A







x

y
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= 0 (8)

� ��� ? J[X5X�� N
A =







a f e

f b d

e d c







�� U7S J A
P

3
!�!�" ������� ? J

P =







p11 p12 p13

p21 p22 p23

p31 p32 p33







=
3
!�#�$ ��� � T9E N � � � �

(x, y, z) 7−→ (x, y, z)P (9)=�% ��� N (8)
P

(x y z)(PAtP )







x

y

z






= 0 (10)

��� � �ZY ? J (7)
�

1
! %76 ) 6�"

(p1x + p2y + p3z)(q1x + q2y + q3z) = 0 (11)

��& ��'�( � Y S � � ? J W T N �)�*�+� t(p1, p2, p3) � t(q1, q2, q3)
�

1
!�, � '[V

� N XZY V =�- 1 � N - 2 � � � ? 3
!�#�$ ��� P

� � Y ? J 2 6 � � N � � ��
(9) � G�5E N

xy = 0= � �HT9S W 6 � T9E N (11)
� � VZY ? J7XZY = �����5Q�#�� N

P







0 1/2 0

1/2 0 0

0 0 0







tP = A
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��� ? J T9S���5E N det A = 0 ��� ? J ���*��� t(p1, p2, p3) � t(q1, q2, q3)
�

1
!

��� 6 � � P N t(q1, q2, q3) = kt(p1, p2, p3) � Q � N t(p1, p2, p3)
= -

1 � � � ? 3
!

#�$ ��� P
= � ? J 2 6 � � N � � � � (9) � G
 E N

kx2 = 0

= � �HT9S W 6 � T9E N (11)
� � VZY ? J7XZY = �����5Q�#�� N

P







k 0 0

0 0 0

0 0 0







tP = A

��� ? J TCS���5E N det A = 0 ��� ? J� � N det A = 0 � � ? J L9M N A
6�� � �

2
6 � �5= � � ? J 2 6 � � N A

6
2
!�� ��� %[6	� Y[Q P 0 ��' U J�
�� 6<S D � N ��� A

6���[6
2
!�� ��� %[6%

ab− f2 6= 0 �/� ? J 2 6 � � N a 6= 0 '7V�� N
λ = −f +

√

f 2 − ab, λ′ = −f −
√

f 2 − ab, (12)

P =







λ a 0

λ′ a 0

df − be ef − ad ab− f2






(13)

�� �#�� N
PAtP =







0 2a(ab− f2) 0

2a(ab− f2) 0 0

0 0 0






(14)

��� ? J a = 0 '7V
� N

P =







1 0 0

b −2f 0

df − be ef − ad ab− f2







�� �#�� N
PAtP =







0 −2f 2 0

−2f 2 0 0

0 0 0







��� ? J A
6�� � �

1
6 � �<P N Ap = 0

=CR[S � � ��� �[P 2
4 , � '[W 6�� �? Q V N�2 6 G[I ' � � � � = p

2
, p

3
� TCE N �<V
� p

1

=
p

2
, p

3
� , � � �  E N

P = t(p1 p2 p3)
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�� �#�� N
PAtP =







k 0 0

0 0 0

0 0 0







6�" ��� ? J �  L � D5? � N
���

3.1. 2
!� A

(6)
����� � ?5S5D56�����	 ' ��	7P N

∣

∣

∣

∣

∣

∣

∣

a f e

f b d

e d c

∣

∣

∣

∣

∣

∣

∣

= abc + 2def − ad2 − be2 − cf 2 = 0

��� ? J
X 6 ��
 = N 3 476 2

!� A 69: ;7= > ?9@ A 6��� ��� � � Y � N�! 6����= � ? J
���

3.2.
35476

2
!� A

F1 = a1x
2 + b1y

2 + c1 + 2d1y + 2e1x + 2f1xy = 0,

F2 = a2x
2 + b2y

2 + c2 + 2d2y + 2e2x + 2f2xy = 069:5;7=9>[?9@5A��
tF1 − F2 = 0

� G�5E�� �7VZY ? � �5Y�� N t
P

3
! #�$�%

∣

∣

∣

∣

∣

∣

∣

a1t− a2 f1t− f2 e1t− e2

f1t− f2 b1t− b2 d1t− d2

e1t− e2 d1t− d2 c1t− c2

∣

∣

∣

∣

∣

∣

∣

= 0

6�� ��� ? J� � ����� S93 476 � � P N : ; 6�� �7P���������� � B D V Y S � N ) � �3 476
2
!  A 69: ;76 ��� =9B D5? X � N � '  
 N���� 2 � 2 ������� = (

� X�� P���� � P ' U J T Q T N @ A � @ A76 :5; =9B D5? X � P���� ��� �5?
(cf. [3], §38) J���'  �
 N 354[6 2

!  A[69:<;7=CB7D<?5S<D � P ! 6[G7I ���<Y
� G U J � � 3.2

6
3
! #�$�%7P"! �[=�1[S ' U �/� ? J 2 6��[= ti, i = 1, 2, 3 �TCE N

tiF1 − F2 = 0
6 ��� 3<@<A7= `i, `′

i
�/� ? J P

=
2
!  A76C:<;[6
)54 �/�? J P

P�#
i � 4 U7E N `i

L S P
`′
i

 � � ? Q7V N P
�

`1

 ��� ? � �5Y � N PP N
`1 � `2

69:5; ��� ? Q N7L S5P `1 � `′
2

69:5; ��� ? J����� N P
P

`1 � `369:<; ��� ? Q N L S<P `1 � `′
3

69:5; ��� ? J T9S�� <E N (
��� '[V
� `2 � `′

2
,

`3 � `′
3

= �5Y � � E )
35476

2
!  A769:5;7P N

`1 ∩ `2 = `1 ∩ `3, `1 ∩ `′
2

= `1 ∩ `′
3
, `′

1
∩ `2 = `′

1
∩ `′

3
, `′

1
∩ `′

2
= `′

1
∩ `36

4
; � T9E � VZY ? J
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4 4
� ����� &����

§3 6��	� ��
	� S X�� = � �$��� 6 4
! #�$�%

X4 + aX3 + bX2 + cX + d = 0

= ( �<X������ � � ? J X = x− a

4

67G7I '�� � � G
5E x3
6 ��� �

0
6�	� ��	� �ZY ? Q7V N P � D Q[V

x4 + bx2 + cx + d = 0 (15)

� � ? J c = 0 '7V�� N XZY P x2 � 45U7E56 2
! #�$�% ��� ? Q7V 
���� ( # ? JG  E N

c 6= 0 �/� ? J L S N x
= −x ��� ��� � ? X��
� G  E N c < 0 ��� ? �T9E[GZU J 2 6 � � N 4

! #�$�%
(15)
= ( �5X�� P N y = x2 �� �5X���� G
<E N! 6��$�

2 � 2
! #�$�% � ��� � Y ? J X Y P 900 ��� 6��������<6 �	��� Omar

Khayyam
6
#	� ��� ? (cf. [2], Chap.1, Part C)

{

x2 − y = 0,

y2 + by + cx + d = 0.
(16)
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K
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35476��	 5A

y = x2 � x = y2 − 5y + 4
69:5;

XZY�� ! � ?���� 3.2
6

3
! #�$�%7P N

∣

∣

∣

∣

∣

∣

∣

t 0 −c/2

0 −1 −(b + t)/2

−c/2 −(b + t)/2 −d

∣

∣

∣

∣

∣

∣

∣

= 0

��� ? J7X Y =�!#"7T9E�$ � �5Y�� N
t3 + 2bt2 + (b2 − 4d)t− c2 = 0 (17)
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� ' ? J 3 ! # $ % (17)
P ! � = 1 S ' U � � ? J 2 6 � = t1, t2, t3 � � ? J t1t2t3 =

c2 6= 0
G � N

ti 6= 0 ��� ? J λi =
√

ti �� �#�� N λ1λ2λ3 = −c ��� ? J
Pi =







λi ti 0

−λi ti 0

−c/2 ti(b + ti)/2 −ti






(18)

�� �#�� N

Pi







ti 0 −c/2

0 −1 −(b + ti)/2

−c/2 −(b + ti)/2 −d







tPi =







0 2t2i 0

2t2i 0 0

0 0 0






(19)

��� ? J
µi =

b + ti + cλ−1

i

2
, µ′

i
=

b + ti − cλ−1

i

2�� �#�� N
P−1

i
=

1

2ti







λi −λi 0

1 1 0

µ′
i

µi −2






(20)

G�� N 35476��� 5A
(16)
69:5;7=9>7?9@5A[P N

`i : −λix + y + µi = 0

`′
i

: λix + y + µ′
i
= 0,

i = 1, 2, 3 ��� ? J `1 � `2

69:5;76
x
��� � T9E N

x1 =
µ2 − µ1

λ2 − λ1

=
t2 − t1 + c(λ−1

2
− λ−1

1
)

2(λ2 − λ1)

=
λ1 + λ2 − cλ−1

1
λ−1

2

2
=

λ1 + λ2 + λ3

2= � ? J[XZY P N `1 � `3

69:5;[6
x
��� �7W�� ? J����� N `1 ∩ `′

2
= `1 ∩ `′

3

6
x��� � T9E N

x2 =
λ1 − λ2 − λ3

2
,

`′
1
∩ `2 = `′

1
∩ `′

3

6
x
��� � T9E N

x3 =
−λ1 + λ2 − λ3

2
,

`′
1
∩ `′

2
= `′

1
∩ `3

6
x
��� � T9E N

x4 =
−λ1 − λ2 + λ3

2= � ? J X Y V � � � Q � I Q � 4 U E � � E F G I J 3
! # $ %

(17)
6 �

t1, t2, t3P N
t1t2t3 = c2 > 0

=9R7S �7Q7V N�! 6�"5476�	��� � ? :
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Case 1. t1, t2, t3
P ��� E # 6 � � J X 6 � � P N λi =

√
ti W�� � � � ? Q[V N 4

! #
$�%

(15)
6��

x1, x2, x3, x4

P �	� E � � ��� ? J
Case 2. t1, t2, t3

P � � � � � N t1 > 0, t2 < 0, t3 < 0. X 6 � � N λ1 =
√

t1
P # 6

� � ��� � N λ2 =
√

t2, λ3 =
√

t3
P ��� � � � ? J λ1λ2λ3 = −c > 0

G � N
λ2 = i

√

|t2| �/�<Y�� N λ3 = −i
√

|t3| ��� ? J |t2| 6= |t3| ��� ? Q7V N λ2 ± λ3P
0 � ' U ��� � � � � N T9S ��5E N x1, x2, x3, x4

P � � E � � ��' U��� � ��� ? J x2 = x1, x4 = x3 ��� ? J
Case 3. t1

P # 6 � � N t2, t3
P � � � ' U�� � � � � � N t3 = t2. X 6 � � N λ1 =

√
t1P # 6 � � � � � N λ1λ2λ3 = −c > 0

G � N
λ3 = λ2 � � ? J T S ��5E N

λ2 + λ3

P � � ��� � N λ2 − λ3

P ��� � ��� ? J G�5E N x1, x2

P � � ���� N
x3, x4

P � � ��' U�� � � � N x4 = x3 ��� ? J

5 3 � 2
�	� � &�
��3<4 6 � � =�� ' �/� ? 3

!�!�" ��� 6&! (A1, A2)
= � � N 2 6[G I ' (A1, A2)�� 6 '
��� �[= V �/� ? J V

P � � � [6 12
! � 6�� �*� ����� ��� ? J � �= � ' � � ? n

!�# $ � � �� 6 '���� = GLn(R) � � T N�2 6 � ��� � % � 1

��� ?[G7I '���� 6 '���� ' � = SLn(R) ������J @ ) � SL3(R)×GL2(R)
=

G

�9Q�� J g = (g1, g2) ∈ G,

g1 ∈ SL3(R), g2 =

(

a b

c d

)

∈ GL2(R)

� A = (A1, A2) ∈ V � ! T9E N
g · A = (a g1A1

tg1 + b g1A2
tg1, c g1A1

tg1 + d g1A2
tg1) (21)

� G�5E N G
6

V � 6����7=���� � ? J 2 � 3
! "�%

FA(u, v)
=

FA(u, v) = det(uA1 + vA2) (22)

� G� E&��� � ? J FA(u, v)
6�����%[=

D(A) �/� ? J ��� 6&� ' = ��� E�� � �
� TCE � � S � � N D(A) 6= 0 ��� ? G[I ' V

6 � S�
<P N�� U ��� 6���� ��� ���5E U7? J[X 6 � � N V
P ��!�"�#%$'&)(�*,+ ��� ? � U I J.-�/�0 � ��� ��,�56���17P N

1960 ��	���2�3�4�5�6�� G
5E.7�8 �ZY N�9 � �7W;:,<��.=�> �Y E9U[? !�? ��� ? (cf. [4], [5]) J���� 6&� ' = �	� E�$ � � TCE ��� S � � N �I ' <ECU[? Q = � � SCU J W  �A@ T �;B ��� N SLn(Z) � G  E�$ � =&� ' �
� ? ��� % 1

6
n
! ��� 6 � = � T N G

6 � ' � Γ = SL3(Z)× SL2(Z)
= � � ? J

L
=�$ � =�� ' � � ? 35476 3

!�! " ��� 6�!76 '�� V
6 � ' � � � � ? J 2 6

9



� � N � �7V Y S�$ � m 6= 0 � ! T9E N D(A) = m �
' ?7G7I ' L
6 ��� � U �

Γ
6.��� ��� � �� ' UHG[I '[W 6<P9U � 4 � ? Q = � � S9U J 2 6�� � = h(m)

� � ? � � N������ ��	�
 �
∞
∑

m=1

h(m)

ms

6 (�� �� 0�� 45U7E � � S9U J D(A)
P

12 � � 6 12
! � ! % ��� ? J

�������
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